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algebras over the ring of differential operators 
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Abstract 

We construct a cofibrantly generated model structure on the category of differential 
non-negatively graded quasi-coherent commutative P^-a-lgebras, where Dx is the sheaf 
of differential operators of a smooth afhne algebraic variety X. This article is the first of 
a series of works on a derived T>-geometric approach to the Batalin-Vilkovisky formalism. 
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1 Introduction 

The solution functor of a system of linear PDE-s D ■ m = 0 is a functor Sol : Mod(T>) ^ Set 
defined on the category of modules over the ring V of (linear) differential operators of a suitable 
base space: for D and M € Mod(V), we have 

Sol(M) = {m G M : L> ■ m = 0} . 

For a system of polynomial PDE-s, we get (locally) a functor Sol : Alg(D) ^ Set defined 
on the category of D-algebras, i.e., commutative monoids in Mod(D). Just as the solutions 
of a system of polynomial algebraic equations lead to the concept of algebraic variety, the 
solutions of a system of nonlinear PDE-s are related to diffieties, to D-schemes, or to locally 
representable sheaves Sol : Alg(D) —)• Set. To allow for still more general spaces, sheaves 
Alg(D) —>■ SSet valued in simplicial sets, or sheaves DGAlg(P) —>■ SSet on (the opposite of) 
the category DGAlg(T>) of differential graded D-algebras have to be considered. The latter 
spaces are referred to as derived D-stacks. Derived Algebraic D-Geometry is expected to be 
the proper framework for a coordinate-free treatment of the ‘space of solutions of nonlinear 
PDIAs (modulo symmetries)’, as well as of the Batalin-Vilkovisky formalism (BV) for gauge 
theories. The present paper is the first of a series on covariant derived D-geometric BV. The 
sheaf condition for functors DGAlg(T>) —> SSet appears as the fibrant object condition with 
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respect to a model structure (MS) on the category of these functors. The appropriate MS 
uses both, the model structure on SSet and the model structure on DGAlg(I?). Moreover, 
the P-geometric counterpart of an algebra of on-shell functions turns out to be an 

algebra A € Alg(P) C DGAlg(P), so that the Koszul-Tate resolution of corresponds to 

a suitable cofibrant replacement of A [PPTH] , 

In this first article, we describe a cofibrantly generated model structure on the category 
DGAlg(P) of differential non-negatively graded quasi-coherent commutative algebras over the 
sheaf P of differential operators of a smooth affine algebraic variety X. This restriction on 
the underlying space X allows to substitute global sections to sheaves, i.e., to consider the 
category of differential non-negatively graded commutative algebras over the ring T){X) of 
global sections of P. The mentioned model structure is constructed, via Quillen’s transfer 
theorem, from the cofibrantly generated projective model structure on the category DGMod(P) 
of differential non-negatively graded P(X)-modules. The latter is obtained from results of 
[GSOG] and |Hovn7) . Since, in contrast with [GSOGl iHovO?] . we work over the special (sheaf of) 
noncommutative ring(s) of differential operators, a careful analysis is needed and some local 
subtleties cannot be avoided. Further, our restriction to affine varieties is not merely a comfort 
solution: the existence of a projective model structure requires that the underlying category 
have enough projectives - this is in general not the case for a category of sheaves over a not 
necessarily affine scheme. Eventually, although results that hold over an affine base are of 
interest by themselves, we also expect them to provide insight into the structure of the main 
ingredients and hope that the fundamental aspects of the latter still make sense for arbitrary 
smooth schemes. 

The paper is organized as follows: 
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2 Conventions and notation 

According to the anglo-saxon nomenclature, we consider the number 0 as being neither 
positive, nor negative. 

All the rings used in this text are implicitly assumed to be unital. 

In most parts of our paper, the underlying space is a smooth affine algebraic variety. 
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3 Sheaves of modules 

Let Top be the category of topological spaces and, for X € Top, let Openj^- be the category 
of open subsets of X. If TZx is a sheaf of rings, a left T^x-module is a sheaf Vx, such that, for 
each U € Openjjj-, Vx{U) is an TZx{U)-module, and the TZx{U)-actions are compatible with 
the restrictions. We denote by Mod(7^j!s:) the Abelian category of T^x-modules and of their 
(naturally defined) morphisms. 

In the following, we omit subscript X if no confusion arises. 

If ’P) Q € Mod(7^), the (internal) Horn 'Hom'pi{V, Q) is the sheaf of Abelian groups (of 
7^-modules, i.e., is the element of Mod(7^), if TZ is commutative) that is defined by 

nonmiV, Q){U) := llomn\^{V\u, Q\u) , (1) 

U € Openj,^. The RHS is made of the morphisms of (pre)sheaves of 7^|[/-modules, i.e., of the 
families (pv '■ Q(^)) ^ € Openly, of 7^(IL)-linear maps that commute with restrictions. 

Note that 'Hom']^{V, Q) is a sheaf of Abelian groups, whereas Hom7j(7^, Q) is the Abelian group 
of morphisms of (pre)sheaves of 7^-modules. We thus obtain a bi-functor 

: (Mod(7^))°P x Mod(7^) ^ Sh(A) , (2) 

valued in the category of sheaves of Abelian groups, which is left exact in both arguments. 

Further, if P G Mod(7^°P) and Q € Mod(7^), we denote by V (g)/^ Q the sheaf of Abelian 
groups (of 7^-modules, if TZ is commutative) associated to the presheaf 

{V Q){U) := V{U) ®n(u) Q{U) , (3) 

U G Openjf. The bi-functor 

• ■■ Mod(7^°P) X Mod(7^) Sh(A) (4) 

is right exact in its two arguments. 

If 5 is a sheaf of commutative rings and TZ a sheaf of rings, and if <S —> 7^ is a morphism 
of sheafs of rings, whose image is contained in the center of TZ, we say that 7^ is a sheaf of 
<S-algebras. Remark that, in this case, the above functors T-iomn{»,*) and • (g)/^ • are valued 
in Mod(iS). 

4 )D-modules aud )D-algebras 

Depending on the author(s), the concept of P-module is considered over a base space X 
that is a finite-dimensional smooth |Cosll) or complex |KS90) manifold, or a smooth algebraic 
variety |HTT08) or scheme |BD04) . over a fixed base field K of characteristic zero. We denote 
by Ox (resp., 0jv, TDx) the sheaf of functions (resp., vector fields, differential operators acting 
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on functions) of X, and take an interest in the category Mod(Ox) (resp., Mod(X>x)) of Ox- 
modules (resp., Px-modules). 

Sometimes a (sheaf of) I?x-™odule(s) is systematically required to be coherent or quasi- 
coherent as (sheaf of) Ox-iiiodule(s). In this text, we will explicitly mention such extra 
assumptions. 

4.1 Construction of H-modules from C-modules 

It is worth recalling the following 

Proposition 1. Let A4x be an Ox-fnodule. A left T>x-module structure on Mx that extends 
its Ox-module structure is equivalent to a ^.-linear morphism 

V : 0x ^ £ndK{M.x) , 

such that, for all f € Ox, 0,0' G ©X; cLnd all m € Mix, 

1. Vfem = f ■ Vem, 

2. Veif -m) = f ■ Vem + 0{f) ■ m, 

3. = [\/g,Vgf]m. 

In the sequel, we omit again subscript X, whenever possible. 

In Proposition [H the target £nd^{Mi) is interpreted in the sense of Equation ([1]), and V 
is viewed as a morphism of sheaves of lEC-vector spaces. Hence, V is a family V^, U E Open^^, 
of K-linear maps that commute with restrictions, and V^, Ojj E 0(C), is a family (V^)v', 

V E Openly, of K-linear maps that commute with restrictions. It follows that ly = 

V^l^m( 7 |y , with self-explaining notation: the concept of sheaf morphism captures the locality 
of the connection V with respect to both arguments. 

Further, the requirement that the conditions (1) - (3) be satisfied for all f (z O, 0,0' 0, 

and m E Ml, means that they must hold for any U E Openjjj- and all fjj E 0{U), Ojj, O'jj E0(C), 
and mu E Mi(U). 

We now detailed notation used in Proposition [1] An explanation of the underlying idea of 
this proposition can be found in Appendix 18.21 

4.2 Closed symmetric monoidal structure ou Mod('D) 

If we apply the Horn bi-functor (resp., the tensor product bi-functor) over V (see ([2]) (resp., 
see (HI)) to two left P-modules (resp., a right and a left P-module), we get only a (sheaf of) 
K-vector space(s) (see remark at the end of Section [3|. The good concept is the Horn bi-functor 
(resp., the tensor product bi-functor) over O. Indeed, if 7^, Q E Mod(Dx) C Mod(Ox)) the Horn 
sheaf TLomoxi'h’, Q) (resp., the tensor product sheaf V 0Ox 2) i® ^ sheaf of Ox-modules. To 
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define on this Ox-module, an extending left T>x-nnod\Ae structure, it suffices, as easily checked, 
to define the action of 0 G 0x on (/> G 'Homo^{V, Q), for any p gV, hy 

(Vemp) = ^e{m) - H^ep) (5) 

( resp., on p (g) g, p G P, g G Q, by 

Ve(p(8)g) = (Vep) (gg-Fp® (Veg) ) . (6) 


The functor 

T-Lomoxi'P-,*) '■ Mod(Px) —t Mod(T>x) , 

V G Mod(Px)i is the right adjoint of the functor 

• ®Ox ^ • Mod(Z)x) —^ Mod(Px) : 

for any M,V, Q G Mod(Px)) there is an isomorphism 

'Homvxi-N' ®Ox 'P) Q) 3 / '-^ (^ '-t (p f{n®p))) G 'Hornx>x{-N','Homoxi'P^ Q)) ■ 

Hence, the category (Mod(Dx)) ®Ox; Abelian closed symmetric monoidal. 

More details on T>-modules can be found in |KS90I ISchl2[ ISch94] . 

Remark 1. In the following, the underlying space X is a smooth algebraic variety over an 
algebraically closed field K of characteristic 0. 

We denote by qcMod(Ox) (resp., qcMod(2?x)) the Abelian category of quasi-coherent Ox- 
modules (resp., Px-modules that are quasi-coherent as Ox-modules |HTT08) 1. This category 
is a full subcategory of Mod(Ox) (resp., Mod(Px))- Since further the tensor product of two 
quasi-coherent Ox-modules (resp., Ox-quasi-coherent Px-modules) is again of this type, and 
since Ox G qcMod(Ox) (resp.. Ox G qcMod(T>x))) the category (qcMod(Ox), ®c>x > (resp., 
(qcMod(!Dx), ®Ox) ^x)) is a symmetric monoidal subcategory of (Mod(Ox), ®Ox) ^x) (resp., 
{Mod(T>x),^Ox^^x))- For additional information on coherent and quasi-coherent modules 
over a ringed space, we refer to Appendix 18.11 

4.3 Commutative "D-algebras 

A T>x-algebra is a commutative monoid in the symmetric monoidal category Mod(T’x)- 
More explicitly, a Px-algebra is a Px-module A, together with 2?x-liaear maps 

p : A 'SiQx A A and t : Ox A , 

which respect the usual associativity, unitality, and commutativity constraints. This means 
exactly that .4 is a commutative associative unital Ox-algebra, which is endowed with a flat 
connection V see Proposition [1] - such that vector fields 9 act as derivations Vg. Indeed, 
when omitting the latter requirement, we forget the linearity of p and l with respect to the 
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action of vector fields. Let us translate the ©x-hnearity of /r. If 0 G ©x, a, a' G A, and if 
a* a' := fj,{a 0 a'), we get 

Vg{a * a') = Vg{fi{a (g> a')) = fj,{{Vga) (g) a' + o (8> (V^a')) = (V^a) * a' + a* (V^o') . (7) 

If we set now 1_4 := /.(I), Equation ([7| shows that V0(1^) = 0. It is easily checked that the 
©x-linearity of i does not encode any new information. Hence, 

Definition 1. A commutative Px-algebra is a commutative monoid in Mod(Px); Le., a 
commutative associative unital Ox-o-lgebra that is endowed with a flat connection V such that 
Vq, 0 G ©X; is a derivation. 

5 Differential graded P-modules and differential graded V- 
algebras 

5.1 Monoidal categorical equivalence between chain complexes of Vx- 
modules and of iDx(-^)-modules 

Note first that any equivalence F : C D : G between Abelian categories is exact. To see, 
for instance, that F is an exact functor, let 0 —>■ G' —> C ^ C ^ 0 be an exact sequence 
in C. Exactness means that at each spot kerg' = im/ = ker(coker/), where / (resp., g) is 
the incoming (resp., outgoing) morphism. In other words, exactness means that at each spot 
limG = lim(colimF), for some diagrams G : J ^ C and F : / ^ C. However, in view of the 
equivalence, a functor H : if ^ C has the (co)limit L if and only if the functor FH : if —> D 
has the (co)limit F{L). Consider now the D-sequence 0 F{C') F(G) —>■ F{C") 0. The 

kernels kerF{g) and ker(coker F(/)) are the limits limFG = F(limG) and lim(colimFF) = 
F(lim(colimF)), respectively, so that the considered kernels coincide and the D-sequence is 
exact. 

On the other hand, if F : C D : G is an equivalence between monoidal categories, and if 
one of the functors F or G is strongly monoidal, then the other is strongly monoidal as well 
|KRO07) . For instance, if G is strongly monoidal, we have 

F(G 0 G') ~ F(G(F(G)) 0 G{F{C'))) ~ F(G(F(G) 0 F(G'))) ^ F(G) 0 F{C') , 

and, if i G C and J G D are the monoidal units, 

F(i) ~ F(G(J)) ~ J . 

It is well-known, see (1501) . that, for any affine algebraic variety A, we have the equivalence 

r(A,.) : qcMod(Gx) ^Mod(Gx(A:)) :’i (8) 

between Abelian symmetric monoidal categories, where • is isomorphic to Ox®Ox{X) • ■ Since 
the latter is obviously strongly monoidal, both functors, r(A, •) and • , are exact and strongly 
monoidal. 


Similarly, 
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Proposition 2. If X is a smooth affine algebraic variety, its global section functor r(X, •) 
yields an equivalence 

r(X, •) : (qcMod(Px),®c>x>C>x) (Mod(Dx(-^)), (9) 

between Abelian symmetric monoidal categories, and it is exact and strongly monoidal. 

Proof. For the categorical equivalence, see |HTT08[ Proposition 1.4.4], Exactness is now clear 
and it suffices to show that r(X, •) is strongly monoidal. We know that r(X, •) is strongly 
monoidal as functor between modules over functions, see ([8|. Hence, if P, Q € qcMod(Z)x)) 
then 

r(x, V Q) ~ r(x, V) ®ox(x) r(x, q) (lo) 

as Ox (^)-modules. To define the Px-module structure on V ®Ox 2) defined a family 
of compatible Px(0)-module structures on the {V <S>Ox 2) (^)> ^ ^ Ops^X) dy setting, for 
6u G Qx{U ), 

^Ox(U) 2(0) B p(S) q 1 -^ 

(^euP}^Q + P<S>(V^^q) G r(U) 0ox(u) 2(0) C (V 0Ox 2)(0) , 

where the inclusion means that any section of the presheaf P 0Ox 2 can be viewed as a section 
of its sheafification P 0Ox 2 (see Equation Q , Equation (|6|) and Appendix 18.21) . We then 
(implicitly) ‘extended’ from P{U) 0Ox{U) 2(0) to {P 0Ox 2)(0). In view of (fTOj) . the 
action of 0x(-T) on P{X) 0Ox{x) 2(-T) and {P 0Ox 2)(-T) ‘coincide’, and so do the 
Px(^)-module structures of these modules. Eventually, the global section functor is strongly 
monoidal. □ 

Remark 2. In the sequel, we work systematically over a smooth affine algebraic variety X 
over an algebraically closed field K of characteristic 0. 

Since the category qcMod(I?x) is Abelian symmetric monoidal, the category DG+qcMod(Px) 
of differential non-negatively graded Ox-quasi-coherent Dx-modules is Abelian and symmetric 
monoidal as well - for the usual tensor product of chain complexes and chain maps - . The 
unit of this tensor product is the chain complex Ox concentrated in degree 0. The braiding 
P : P, 0 Q, ^ Q, 0P, is given by 

Pip 0q) = {-l)'P^0p , 

where ‘tilde’ denotes the degree and where the sign is necessary to obtain a chain map. Let 
us also mention that the zero object of DG+qcMod(T>x) is the chain complex ({0},0). 

Proposition 3. If X is a smooth affine algebraic variety, its global section functor induces an 
equivalence 

r(A,.) : (DG+qcMod(Px),®Ox>2x) ^ (DG+Mod(Px(^)), 2x(^)) (H) 

of Abelian symmetric monoidal categories, and is exact and strongly monoidal. 
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Proof. We first show that the categories DG-(_qcMod(Dx) and DG+Mod(Px(W)) are equivalent, 
then that the equivalence is strongly monoidal. 

Let F = r(X, •) and G be quasi-inverse (additive) functors that implement the equiv¬ 
alence ([9|). They induce functors F and G between the corresponding categories of chain 
complexes. Moreover, the natural isomorphism a : id GoF induces, for each chain complex 
V, € DG+qcMod(T>x)) a chain isomorphism a-p. : V, (G o F)(F,), which is functorial in V, . 
Both, the chain morphism property of ap, and the naturality of a, are direct consequences 
of the naturality of a. Similarly, the natural isomorphism b : F o G => id induces a natu¬ 
ral isomorphism b : F o G id, so that DG+qcMod(Fx) and DG-|-Mod(Fx(W)) are actually 
equivalent categories. 

It suffices now to check that Proposition |2] implies that F is strongly monoidal. Let 

(V,,d),{Q,,6) G DG+qcMod(Fx): 

'P* '^Ox Q» ■ ■ ■ ■ -^ ^ Pk <S>Ox ^ Pk ®C>x Qi -^ ■ ■ ■ ) 

k-iri=n+l k-\-i=n 

where d = (i®id-|-id®5. Since F : qcMod(Fx) Mod(Fx(W)) is strongly monoidal and 
commutes with colimits (recall that F is left adjoint of G and that left adjoints commute with 
colimits), its application to the preceding sequence leads to 

F{V.^OxQ>)----^ 0 FiPk)®Ox(x)Fm'-^ ® F{Vk)®Ox(x)F{Q^)^... , 

k-\-l=n-\-l k-\-i=n 

with F{d) = F{d)^id -|- id 0 F((5). In other words, F(F,(2)c)^ Q») coincides up to isomorphism, 
as chain complex, with F(F,)(8>(p^(j!(^) F(Q,). The remaining requirements are readily checked. 

□ 

5.2 Differential graded P^-algebras vs. differential graded 'Dx(-^)- algebras 

The strongly monoidal functors F : DG+qcMod(Fx) W DG+Mod(Fjs:(-^)) : G yield an 
equivalence between the corresponding categories of commutative monoids: 

Corollary 1. For any smooth affine variety X, there is an equivalence of categories 

r{X, .) : DG+qcCAlg(Fx) ^ DG+CAlg(Fx(^)) (12) 

between the category of differential graded quasi-coherent commutative Vx-alg^bras and the 
category of differential graded commutative T)x{^)-<klg^bras. 

The main goal of the present paper is to construct a model category structure on the LHS 
category. In view of the preceding corollary, it suffices to build this model structure on the RHS 
category. We thus deal in the sequel exclusively with this category of differential graded 
F-algebras, where T> := T>x{X)., which we denote simply by DGFA. Similarly, the objects of 
DG+Mod(Fjv(W)) are termed differential graded F-modules and their category is denoted 
by DGFM. 
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5.3 The category DGVA 

In this subsection we describe the category DGDA and prove first properties. 
Whereas 

Homx)(P,(5) = Hom„od(D)(-P,Q) , 

P,Q & Mod(2?), is a K-vector space, the set 


Homx>A(^,^) = HomcAig{D)(^,^) , 

A,B CAlg(D), is even not an Abelian group. Hence, there is no category of chain complexes 
over commutative D-algebras and the objects of DGDA are (probably useless to say) no chain 
complexes of algebras. 

As explained above, a D-algebra is a commutative unital O-algebra, endowed with a (an 
extending) D-module structure, such that vector fields act by derivations. Analogously, a 
differential graded P-algebra is easily seen to be a differential graded commutative unital 
0 -algebra (a graded 0 -module together with an 0 -bilinear degree respecting multiplication, 
which is associative, unital, and graded-commutative; this module comes with a square 0 , 
degree — 1 , 0 -linear, graded derivation), which is also a differential graded D-module (for the 
same differential, grading, and 0 -action), such that vector fields act as non-graded derivations. 

Proposition 4. A differential graded "D-algebra is a differential graded eommutative unital 
O-algebra, as well as a differential graded V-module, sueh that veetor fields aet as derivations. 
Further, the morphisms of DGPA are the morphisms of DGDM that respeet the multiplieations 
and units. 

In fact: 

Proposition 5. The eategory DGDA is symmetrie monoidal for the tensor produet of DGDM 
with values on objeets that are promoted eanonieally from DGPM to DGPA and same values on 
morphisms. The tensor unit is 0; the initial objeet ( resp., terminal objeet) is 0 ( resp., {0} ). 

Proof. Let A,,B, € DGVA. Consider homogeneous vectors a G Aa, a' G A^', b G B^, b' G By, 
such that a + b = m and d' + b' = n. Endow now the tensor product A, ^ DGDM with 

the multiplication * defined by 

{A, 0c> B»)m X {A, ( 8)0 B,)n D (a (g) 6 , a' (g) b') i-^ 

(a (g) 6 ) * (o' (g) b') = a') (g) (6 b') G {A, (g)o B,)m+n , (13) 

where the multiplications of A, and B, are denoted by and respectively. The multi¬ 
plication * equips A, (g)o B, with a structure of differential graded D-algebra. Note also that 
the multiplication of A, G DGDA is a DGPA-morphism pLA '■ A, A, — A, . 

Further, the unit of the tensor product in DGVA is the unit (0,0) of the tensor product in 
DGPM. 
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Finally, let A,, B,, C,, D, G DCDA and let (j) : A, ^ C, and ij) : B, ^ D, be two DGPA- 
morphisms. Then the DCPM-morphism (f>0ip : A,<^qB, —>■ is also a DGPA-morphism. 

All these claims (as well as all the additional requirements for a symmetric monoidal 
structure) are straightforwardly checked. 

The initial and terminal objects in DGPA are the differential graded P-algebras {0, 0) and 
({0},0), respectively. As concerns the terminal object, this is the expected and easily verified 
result. The initial object however is not the same as the one in DGPM. The problem with the 
initial object candidate ({0},0), is that a DGPA-morphism (p '■ ({0})0) —>■ {A,,dA) has to map 
0 to Oa and to 1a, what in only possible if 0^4 = 1a, i-e., if A, = {0}. As for (O, 0), the sole 
point to check is that the unique morphism p : (0,0) —>• {A,,dA), which is necessarily defined 

by 

</>(/) = 4>if • lc») = / • p{lo) = f -Ia, 

is a DGPA-morphism. For the latter, only P-linearity, i.e., 0-linearity, has to be checked. We 
get 

PiVef) = PiOif)) = 9if) • U , 

whereas 

Ve(<(-(/)) = Veif • U) = VeoflA = e{f) • U + VjoeU = 9(f) • U , 

as in a differential graded P-algebra vector fields act as derivations and thus annihilate the 
unit. □ 

Let us still mention the following 

Proposition 6. If p : A, ^ C, and p : B, ^ C, are DGVA-morphisms, then x ■ A, 0c> B, —)• 
O,, which is well-defined by y(a (8) 6) = Pia) -kc Pib), is a DG'DA-morphism that restricts to p 
(resp., p) on A, (resp., B,). 

Proof. It suffices to observe that y = nc o {p®p) ■ □ 

6 Finitely generated model structure on DG'PM 

All relevant information on model categories, small objects, and on cofibrantly and finitely 
generated model structures, can be found in Appendices 18.4118.51 and 18.61 

Let us recall that DGPM is the category Ch.^('D) of non-negatively graded chain complexes 
of left modules over the non-commutative unital ring V = VxiX) of differential operators of 
a smooth affine algebraic variety X. The remaining part of this section actually holds for any 
not necessarily commutative unital ring R and the corresponding category Ch+(i2). We will 
show that Ch+(ii) is a finitely (and thus cofibrantly) generated model category. 

In fact, most of the familiar model categories are cofibrantly generated. For instance, in 
the model category SSet of simplicial sets, the generating cofibrations I (resp., the generating 
trivial cofibrations J) are the canonical simplicial maps 9A[n] —>■ A[n] from the boundaries of 
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the standard simplicial n-simplices to these simplices (resp., the canonical maps A^[n] ^ A[n] 
from the r-horns of the standard n-simplices, 0 < r < n, to these simplices). The generating 
cofibrations and trivial cofibrations of the model category Top of topological spaces -- which 
is Quillen equivalent to SSet - are defined similarly. The homological situation is analogous 
to the topological and combinatorial ones. In the case of Ch+(i2), the set I of generating 
cofibrations (resp., the set J of generating trivial cofibrations) is made (roughly) of the maps 
from the (n — l)-sphere to the n-disc (resp., of the maps 0 ^ D^). In fact, the 
n-disc is the chain complex 

(n) (n-1) (0) 

D^: - >0^0^R^ R ^0^ -^0, (14) 

whereas the n-sphere S'” is the chain complex 

(n) (0) 

5”:- >0^0 ^R^O^ -^0 . (15) 

Definition (1141) . in which the differential is necessarily the identity of R, is valid for n > 1. 
Definition (1151) makes sense for n > 0. We extend the first (resp., second) definition to n = 0 
(resp., n = —1) by setting := (resp., S~^ := 0,). The chain maps are 

canonical (in degree n — 1, they necessarily coincide with id^?), and so are the chain maps 
0 —>■ D”. We now define the set I (resp., J) by 


I = {tn: ^D^,n> 0} 

(16) 

J = {Cn:0 ^D”,n>l}). 

(17) 


Theorem 1. For any unital ring R, the category Ch^{R) of non-negatively graded chain 
complexes of left R-modules is a finitely {and thus a cofibrantly) generated model category (in 
the sense of insm/ and in the sense of fHovOTf ). with I as its generating set of cofibrations and 
J as its generating set of trivial cofibrations. The weak equivalences are the chain maps that 
induce isomorphisms in homology, the cofibrations are the injective chain maps with degree-wise 
projective cokernel ( projective object in Mod(i?)), and the fibrations are the chain maps that are 
surjective in ( strictly ) positive degrees. Further, the trivial cofibrations are the injective chain 
maps i whose cokernel coker(i) is strongly projective as a chain complex {strongly projective 
object coker(z) in Ch..^{R), in the sense that, for any chain map c : coker(z) — C and any 
chain map p : D ^ C, there is a chain map I : coker(z) —> D such that p o i = i, if p is 
surjective in ( strictly ) positive degrees). 

Proof. The following proof uses the differences between the definitions of (cofibrantly gener¬ 
ated) model categories given in |DS96) , |GSn6) , and |Hov07) : we refer again to the Appendices 
EaiESl and [8161 

It is known that Ch+(i?), with the described weq-s, cofibrations, and fibrations is a model 
category (Theorem 7.2 in |DS96) 1. A model category in the sense of |DS96) contains all finite 
limits and colimits; the Cof — TrivFib and TrivCof — Fib factorizations are neither assumed 
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to be functorial, nor, of course, to be chosen functorial factorizations. Moreover, we have 
Fib = RLP(J) and TrivFib = RLP(/) (Proposition 7.19 in |DS96) i. 

Note first that Ch_(_(ii) has all small limits and colimits, which are taken degree-wise. 

Observe also that the domains and codomains (n > 0) and (n > 1) of the maps in 
I and J are bounded chain complexes of finitely presented R-modules (the involved modules 
are all equal to R). However, every bounded chain complex of finitely presented R-modules is 
n-small, n G N, relative to all chain maps (Lemma 2.3.2 in |Hov07) L Hence, the domains and 
codomains of I and J satisfy the smallness condition of a finitely generated model category, 
and are therefore small in the sense of the finite and transfinite definitions of a cofibrantly 
generated model category. 

It thus follows from the Small Object Argument - see Appendix 18.6R that there exist in 
Ch_|_(i?) a functorial Cof —TrivFib and a functorial TrivCof — Fib factorization. Hence, the 
first part of Theorem [1] 

As for the part on trivial cofibrations, its proof is the same as the proof of Lemma 2.2.11 
in |Hovn7) . □ 

In view of Theorem [1] let us recall that any projective chain complex (AT, d) is degree-wise 
projective. Indeed, consider, for n > 0, an R-linear map kn '■ —>■ N and a surjective R-linear 

map p : M ^ N, and denote by (resp., the disc defined as in dn, except 

that R is replaced by N (resp., M). Then there is a chain map k : K ^ (resp., a 

surjective chain map tt : that is zero in each degree, except in degree 

n -|- 1 where it is kn o dn+i (resp., p) and in degree n where it is kn (resp., p). Since {K,d) is 
projective as chain complex, there is a chain map i : K ^ such that ir o i = k. In 

particular, in ■ Kn M is i?-linear and p o in = kn ■ 

7 Finitely generated model structure on DG'DA 

7.1 Adjoint functors between DGPM and BGVA 

We aim at transferring to DGRA, the just described finitely generated model structure on 
DGPM. Therefore, we need a pair of adjoint functors. 

Proposition 7. The graded symmetric tensor algebra functor S and the forgetful functor For 
provide an adjoint pair 

S : BGVK ^ DGVA : For 

between the category of differential graded V-modules and the category of differential graded 
V-algebras. 

Proof. For any M, G DGPM, we get 

(8 )oM, = 000 Mf o” G DGPM . 

n>l 
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Moreover, is the free associative unital O-algebra over the O-module M, . When passing 

to graded symmetric tensors, we divide by the O-ideal I generated by the elements of the type 
ruk <8) rrii — (g) rrik, where rrik € Mk and rrii € Mg. This ideal is also a graded sub V- 

module that is stable for the differential, so that I is actually a sub DG 2?-module. Therefore, 
the free graded symmetric unital O-algebra 

S*oM, = ®*oM,/Z (18) 

is also a DG T>-module. Of course, the graded symmetric tensor product 0 of graded symmetric 
tensors [S'], [T] is defined by 

[5]o[T] = [S0r] . (19) 

Since the differential (resp., the H-action) on SqM, is induced by that on 0^M, , it is clear 
that the differential is a graded derivation of (resp., that vector fields act as derivations on) the 
graded symmetric tensor product. Hence, SqM, G DGT>A. The definition of S on morphisms 
is obvious. 

We now prove that the functors For and S are adjoint, i.e., that 


HomDGi?A(<5oM,,H,) ~ HomDGDM(Af,, For H.) , (20) 

functorially in M, € DGPM and A, G DGVA. 

Since the inclusion 

i:M,^ S*oM, = O, © M. © 0 SgM, 

n>2 

is obviously a DGX’M-map, any DGPA-map <1> : SqM, A, gives rise to a DGX’M-map $ o i : 
M, —For A, . 

Conversely, let (p : M, —>■ For be a DGPM-map. Since SqM, is free in the category GCA 

of graded commutative associative unital graded O-algebras, a GCA-morphism is completely 
determined by its restriction to the graded O-module M, . Hence, the extension cp : SqM, —?■ 
of (p, defined by <p{lo) = 1a and by 

0(mi © ... © mk) = (p{mi) -kA ■ ■ ■ *a (p{mk) , 

is a GCA-morphism. This extension is also a DCPA-map, i.e., a DCPM-map that respects the 
multiplications and the units, if it intertwines the differentials and is P-linear. These require¬ 
ments, as well as functoriality, are straightforwardly checked. □ 

Recall that a free object in a category D over an object C in a category C, such that 
there is a forgetful functor For : D —> C, is a universal pair {F{C),i), where F{C) G D and 
i G Home(C, For F(C')). 

Remark 3. Equation ^2U\) means that SqM, is the free differential graded T>-algebra 

over the differential graded V-module M, . 

A definition of SqM, via invariants can be found in Appendix 18.71 
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7.2 Relative Sullivan "D-algebras 

To transfer the model structure from DGPM to DGVA, some preparation is necessary. In the 
present subsection, we dehne relative Sullivan algebras over the ring of differential operators. 
Background information on relative Sullivan algebras over a held can be found in Appendix 

ESI 

Let 1/ be a free non-negatively graded T>-module. If we denote its basis by {voi)a£j, we get 

V = ^V-Va. 

aeJ 

In almost all examples that occur in this text, the Va-s are formal generators and the elements 
V (z V are formal linear combinations v = YlaeJ where only a hnite number of 

coefficients D°‘ € D are non-zero. We will further assume that V is non-negatively graded, 

V. = ^V,. 
em 

Often the basis vectors Va have homogeneous degrees in N and the latter decomposition is 
induced by these degrees. In the next dehnition, we ask that the index set J be a well-ordered 
set., see Appendix 18.51 Even if the basis vectors have homogeneous degrees, we do a priori not 
require that this well-ordering < of J be compatible with the degree deg in V, i.e., we do not 
suppose that 

a < fd ^ degUo < degvg . (21) 

Examples of such free non-negatively graded P-modules are the n-sphere 

S’":--^0 (22) 

(n > 0) and the n-disc 

- >0^0^V-In^V- ^ 0 ^-^ 0 (23) 

(n > 1). Observe that, in view of future needs, we used different notation for the generator 
I £ O of V (s“^ denotes the desuspension operator). Of course, if D G T>, we can identify 
D ■ 1„, D-In,D- with D, whenever no confusion arises. 

If we endow V with the differential 0, we get V € DGPM, so that SqV, € DG2?A, again 
with differential 0. Let now (A,,dA) € DGPA. The tensor product A, where A 

is considered, not with its original differential dA, but with differential 0, is a DGUA with 
differential 0. In the following dehnition, we assume that this tensor product GVA is equipped 
with a differential d, which makes it an element 

(A, S(pVi, d) £ T)GTdA 

that contains (A,, dyi) as sub-DGX>A. The point is here that {A,,dA) is a differential submodule 
of the tensor product differential module, but that usually the module <SqV, is not. The 
condition that (A,, dA) be a sub-DGUA can be rephrased by asking that the inclusion 


A* 3 a I —y tt G' 1 G A* Go 
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be a DGPA-morphism. This algebra morphism condition or subalgebra condition would be 
automatically satisfied, if the differential d on A, SqV, was obtained as 

d = ® id + id (24) 

from the differential dA on A, and a differential ds on SqV,. However, as mentioned, this is 
generally not the case. 

We omit in the sequel •, -k, as well as subscript O, provided clarity does not suffer hereof. 
Further, to avoid confusion, we sometimes substitute Kl to 0 to emphasize that the differential 
d of H 01 SV is not necessarily obtained from the differential d^ and a differential ds. 

Definition 2. A relative Sullivan X>-algebra ( RST>A) is a DG'Dk-morphism 

{A,dA) {AmSV,d) 

that sends a ^ A to a®l ^ AM SV. Here V is a free non-negatively graded 'D-module, which 
admits a homogeneous basis {va)a£j that is indexed by a well-ordered set J, and is such that 

dva € ^ 0 , (25) 

for all a ^ J. In the last requirement, we set V<q : = ■ Vjs . We refer to Property \25\) 

by saying that d is lowering. 

A RSVA with Property \21\) {resp., with Property \24^; over {A,dA) = (0,0)) is called a 
minimal RSVA ( resp., a split RSDA; a Sullivan T>-algebra ( SDA)) and it is often simply 
denoted by (H 0 <SH, d) {resp., {A0SV,d); {SV,d)). 

The next two lemmas are of interest for the split situation. 

Lemma 1. Let {va)ael bs a family of generators of homogeneous non-negative degrees, and 
let 

V := {va ■ a e I) := ^ V ■ Va 

a£l 

be the free non-negatively graded P-module over {va)a£l- Then, any degree —1 map d € 
Set((?;Q,), V) uniquely extends to a degree —1 map d G T>M(H, V). If moreover d^ = 0 on (va), 
then {V,d) € DGPM . 

Since SV is the free differential graded T>-algebra over the differential graded T>-module 
V, a morphism / G T)GT>A{SV, B), valued in {B,dB) G DGX>A, is completely defined by its 
restriction / G DGPH{V,B). Hence, the 

Lemma 2. Consider the situation of Lemma[J\ Any degree 0 map f G Set{{va),B) uniquely 
extends to a morphism f G GP¥[{V,B). Furthermore, if ds f = f d on {va), this extension is 
a morphism f G DGT>M(1/, H), which in turn admits a unique extension f G DGPA{SV, B). 
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7.3 Quillen’s transfer theorem 

We use the adjoint pair 

S : DGVM ^ DGVA : For (26) 

to transfer the cofibrantly generated model structure from the source category DGPM to the 
target category DGPA. This is possible if Quillen’s transfer theorem |GS06) applies. 

Theorem 2. Let F : C ^ D : G he a pair of adjoint functors. Assume that C is a cofibrantly 
generated model category and denote by I (resp., J) its set of generating cofibrations (resp., 
trivial cofibrations). Define a morphism f : X ^ Y in G to be a weak equivalence (resp., a 
fibration), ifGf is a weak equivalence (resp., a fibration) in C. If 

1. the right adjoint G : D —> C commutes with sequential colimits, and 

2. any cofibration in D with the LLP with respect to all fibrations is a weak equivalence, 

then V) is a cofibrantly generated model category that admits {Fi : i G /} (resp., {Fj : j G 
as set of generating cofibrations (resp., trivial cofibrations). 

Of course, in this version of the transfer principle, the mentioned model structures are 
cofibrantly generated model structures in the sense of |GSn6| . 

Condition 2 is the main requirement of the transfer theorem. It can be checked using the 
following lemma |GS06) : 

Lemma 3. Assume in a category D (which is not yet a model category, but has weak equiva¬ 
lences, and fibrations), 

1. there is a functorial fibrant replacement functor, and 

2. every object has a natural path object, i.e., for any D £D, we have a natural commutative 
diagram 


Path(D) 



where A is the diagonal map, i is a weak equivalence and q is a fibration. Then every cofibration 
in D with the LLP with respect to all fibrations is a weak equivalence. 

We think about Path(Zl) G D is an internalized ‘space’ of paths in D. In simple cases, 
Path(Zl) = HomD(/, H), where / G D and where Homo is an internal Horn. Moreover, by 
fibrant replacement of an object H G D, we mean a weq D ^ D whose target is a fibrant 
object. 
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7.4 Proof of Condition 1 of Theorem [2] 

Let A be a non-zero ordinal and let X : A —C be a diagram of type A in a category C, i.e., 
a fnnctor from A to C. Since an ordinal nnmber is a totally ordered set, the considered ordinal 
A can be viewed as a directed poset (A, <). Moreover, the diagram X is a direct system in C 
over A - made of the C-objects X^, /3 < A, and the C-morphisms : Xp X^, /3 < 7 - , 
and the colimit colim^<A ^/3 of this diagram X is the indnctive limit of the system {Xp,Xp^). 

Let now d : A ^ DGPA be a diagram of type A in DGVA and let For oA : A —)• DGPM be the 
corresponding diagram in DGPM. If no confnsion arises, we denote the latter diagram simply 
by A. As mentioned in the proof of Theorem [H the colimit of A does exist in DGPM and is 
taken degree-wise in Mod(T’). More precisely, for all r G N, we denote by Pr^ the canonical 
fnnctor DGPM —> Mod(T>) and consider the diagram Ar := Pr^ oA : A —>■ Mod(T’). In view of 
the preceding paragraph, the colimit colim,g<;, Ap^^ of Aj. in Mod(P) is the indnctive limit in 
Mod(P) of the direct system [Ap^^, Ap^^y). A well-known constrnction provides the indnctive 
limit Cr of this direct system in Set: 

Cr = II Ap^r/ ~ , 

/3<A 

where ap^r ~ there is 5 snch that Ap^^^ ap^r = A^s,r o^'-y^r- The set Cr can be made 

an object Cr G Mod(I?) in a way snch that the projections irp^r '■ Ap^r Cr become Mod(P)- 
morphisms and Cr becomes the colimit in ]yiod(T>) of Ar - in particnlar Ap^^r = 7''/3,r- Dne 
to nniversality, there is a Mod(T>)-morphism dr ■ Cr ^ Cr-i snch that drTTp^r = '^i3,r-idp^r, 
where dp^r is the differential dp^r ■ Ap^r Ap^r-i- We thns get a complex (C,,d) G DGPM, 
together with DGT>M-morphisms np^, : Ap^, —)• C,, and this complex is the colimit in DGPM of 
A. 

We now define on C, a mnltiplication o in the nsnal way: if Cr G Cr and Cs G C^, 

Cr ^ Cg — ^/3,r ®/3,r ^ ^7,s ^'y,s — '^S,r Ap^ r ^ '^5,s A^^^g ^"i,s 
— '^6,r+s (^ApS r CLf},r * ^7<5,s ®7,s) ^ Cr-\-s ; 

where * denotes the mnltiplication of an element in As^r and an element in A^^^, in the DG 
P-algebra A^^,. It is straightforwardly checked that o is a well-defined graded commntative 
nnital O-algebra strnctnre on C, , snch that the differential of C, is a degree —1 graded 
derivation of o and that vector fields act as non-graded derivations. Hence, {C»,d,o) is an 
object C, G DGX>A and the maps iip^, : Ap^, — C, are DGPA-morphisms. It is now easily seen 
that C, is the colimit in DGPA of A. 

Hence, the 

Proposition 8 . For any ordinal A, the colimit in DGPA of any diagram A of type A exists 
and, if A is non-zero, it is obtained as an enrichment of the corresponding colimit in DGPM; 


For(colim/3<A A/3,,) = colim/3<A For(A/3,,) . 


( 27 ) 
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If A is the zero ordinal, it can be viewed as the empty category 0. Therefore, the colimit 
in DGVA of the diagram of type A is in this case the initial object (0, 0) of DGVA. Since the 
initial object in DGPM is ({0},0), we see that For does not commute with this colimit. The 
above proof fails indeed, as 0 is not a directed set. 

It follows from Proposition |8] that the right adjoint For in (I26p commutes with sequential 
colimits, so that the first condition of Theorem |2] is satisfied. 

7.5 Proof of Condition 2 of Theorem 

We prove Condition 2 using Lemma [31 In our case, the adjoint pair is 

S : DGVn ^ DGT>A : For . 

As announced in Subsection da we omit •, *, and O, whenever possible. It is clear that every 
object A € D = DGVA is fibrant. Hence, we can choose the identity as fibrant replacement 
functor, with the result that the latter is functorial. 

As for the second condition of the lemma, we will show that any DGPA-morphism (p : A ^ B 
naturally factors into a weak equivalence followed by a fibration. 

Since in the standard model structure on the category of differential graded commutative 
algebras over Q, cofibrations are retracts of relative Sullivan algebras |Hes00| . the obvious 
idea is to decompose 4> as A ^ A SV B, where i : A —)■ A (g) 51L is a (split minimal) 
relative Sullivan 2?-algebra, such that there is a projection p : A0 SV —>■ B, or, even better, 
a projection £ : V ^ B in positive degrees. The first attempt might then be to use 

£ :V = ^ ^ V ■ B bn & B , 

n>0bn&Bn 

whose source incorporates a copy of the sphere S'”’ for each bn G Bn, n > 0. However, £ is 
not a chain map, since in this case we would have dsbn = dsMbn — 0) ^n- The next 

candidate is obtained by replacing S'” by Z?”: if i? € DGT>M, set 

= 00 D” G DGDM , 

n>0 bn€Bn 

where iA” is a copy of the n-disc 

T»” :- >0^0^V-Ib^^V- s-\„ ^ 0 ^-^ 0 . 

Since 

Pn{B)= 0 V-s-\„^,(B ^ V-Ib^ {n>0) and Po{B) = ^ V ■ s-\, , 

the free non-negatively graded T>-module P{B) is projective in each degree, what justifies the 
chosen notation. On the other hand, the differential dp of P{B) is the degree —1 square 0 
P-linear map induced by the differentials in the n-discs and thus defined on Pn{B) by 

= 0 € Pn-i{B) and dp{lb^) = G Pn-i{B) 
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(see Lemma H]). The canonical projection e : P{B) —> i?, is defined on Pn{B), as degree 0 
P-linear map, by 

£^(•5 € Bn and — bn ^ Bfi ■ 

It is clearly a DGPM-morphism and extends to a DGPA-morphism e : S{P{B)) —)> B (see Lemma 

We define now the aforementioned DGPA-morphisms i : A ^ A 0 S{P{B)) and p A® 
S{P{B)) —7> B, where i is a weak equivalence and p a fibration such that p o i = cj) . We set 
i = idyl and p = ps ° i4> ^ ■ It is readily checked that i and p are DGX’A-morphisms (see 

Proposition |6]) with composite p o i = cj) . Moreover, by definition, p is a fibration in DGPA, if 
it is surjective in degrees n > 0 - what immediately follows from the fact that e is surjective 
in these degrees. 

It thus suffices to show that z is a weak equivalence in DGPA, i.e., that 

H{i) : H{A) 9 [a] ^ [a ® 1] € iL (A (8) S{P{B))) 

is an isomorphism of graded D-modules. Since i ■. A ^ A® O is s,n isomorphism in DGPM, it 
induces an isomorphism 


H{i) : H{A) 3 [a] ^ [a ® 1] G H{A ® O) . 

In view of the graded P-module isomorphism 

H{A ® S{P{B))) ~ H{A ®0)® H{A ® S*^\P{B))) , 
we just have to prove that 

H{A0S’^^\P{B))) = 0 (28) 

as graded T>-module, or, equivalently, as graded O-module. 

To that end, note that 

0 ^ ker^ 6 ^ P(5)®^ A ^ 0 , 

where A; > 1 and where © is the averaging map, is a short exact sequence in the Abelian 
category DGOM of differential non-negatively graded O-modules (see Appendix [521 iii particular 
Equation (1641) 1. Since it is canonically split by the injection 

3 : (P(5)®*^)Sfe ^ , 

and 

(p(^)®fc)S, _ S^{P{B)) 
as DG O-modules (see Equation (|66l) l. we get 


P{B)^’^ ~ S’^{P{B)) © ker*^ 6 and A © P{B)^^ ~ A © S’^{P{B)) © A © ker^ 6 
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as DG O-modules. Therefore, it suffices to show that the LHS is an acyclic chain complex of 
O-modules. 

We begin showing that P = where X is a smooth affine algebraic variety, is a flat 

module over O = Ox{X)- Note first that, the equivalence (|8]) 

r(X, •) : qcMod(Ox) ^ Mod(C)) : • 

is exact and strongly monoidal (see remark below Equation dSD). Second, observe that Px 
is a locally free Ox-™odule, hence, a flat (and quasi-coherent) sheaf of Ox-™odules, i.e., 
T^x ®Ox • exact in ]yiod(Ox)- To show that P • is exact in ]yiod(0), consider an exact 
sequence 

0^ M' ^ M ^ M” ^0 

in Mod(O). From what has been said it follows that 

0 —)■ Px ^Ox M — )• Px 

is an exact sequence in Mod(Ox)) as well as an exact sequence in qcMod(Ox) (kernels and 
cokernels of morphisms of quasi-coherent modules are known to be quasi-coherent). When 
applying the exact and strongly monoidal global section functor, we see that 

0 —^ P —y P M —y P M ^ —y 0 


is exact in Mod(O). 

Next, observe that 

P(^ (g) P(P)®^) = 0 0 . 

To prove that each of the summands of the RHS vanishes, we apply Kiinneth’s Theorem 
[Wei931 Theorem 3.6.3] to the complexes and A ig) noticing that both, P” 

(which vanishes, except in degrees n,n — 1, where it coincides with P) and d{D^) (which 
vanishes, except in degree n — 1, where it coincides with P), are termwise flat O-modules. We 
thus get, for any m, a short exact sequence 

0^ 0 Pp(P")(g)Pg(AG)P(P)®(^-T) A(g)P(P)®(^-T) ^ 

p-\-q=m 

0 Tori(Pp(P."),P,(AG)P(P)®('^-T)) ^ 0 . 

p-\-q=m—l 

Finally, since P” is acyclic, the central term of this exact sequence vanishes, since both, the 
first and the third, do. 

To completely finish checking the requirements of Lemma |3] and thus of Theorem [21 we 
still have to prove that the factorization {i,p) = ,p{4>)) of (j) is functorial. In other words. 
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we must show that, for any commutative DGPA-square 


U 

A' 


there is a commutative DCPA-diagram 


A 




■A^SU 


p(4>) 


B 


i(0') 


A' (g) SB' 


p{4>') 


B' 


(29) 


(30) 


where we wrote U (resp., U') instead of P{B) (resp., P(B')). 

To construct the DGPA-morphism w, we first define a DGPA-morphism v : SU —> SIP, then 
we obtain the DGPA-morphism w by setting w = u® v. 

To get the DGPA-morphism v, it suffices, in view of Lemma |2l to define a degree 0 Set-map 
V on G := : bn G Bn,n > 0}, with values in the differential graded T>-algebra 

{SU', diji), which satisfies diji v = v djj on G. We set 

€ SU' and v{\^) = € SU' , 

and easily see that all the required properties hold. 

We still have to verify that the diagram (|30l) actually commutes. Commutativity of the 
left square is obvious. As for the right square, let f := a (g) xi O ... 0 G A (g) SU , where the 
Xi are elements of U, and note that 


vp{(p){t) = V {pB o ((/> 0 e))(t) = V (j){a) -k V e{xi) ★ ... * n e(xfc) 

and 

p{ct)')w{t) = {pb' o {(!>' ® e'))('“(o) C) v{xi) O ... 0 v{xk)) 

= (j)'u{a) -k e' v{xi) k ... k s' v{xk) , 

where k denotes the multiplication in B'. Since the square (1291) commutes, it suffices to check 
that 

ve{x) = s' v{x) , (31) 

for any x G f7. However, the T>-module U is freely generated by G and the four involved 
morphisms are (D-linear: it is enough that (|31l) holds on G - what is actually the case. 


7.6 Transferred model structure 

We proved in Theorem [1] that DG(DM is a finitely generated model category whose set of 
generating cofibrations (resp., trivial cofibrations) is 

i = {ik-s':-^ ^Dik>G} 


(32) 
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(resp., 

J = {Ck:O^D!:,k>l}) . (33) 

Theorem |2] thus allows to conclude that: 

Theorem 3. The category DCPA of differential non-negatively graded commutative D-algebras 
is a finitely {and thus a cofibrantly) generated model category {in the sense of JGSU^ and 
in the sense of JHovOT^ ). with SI = {Stk : tfc € /} as its generating set of cofibrations and 
SJ = {S(^k : Cfc € J} as its generating set of trivial cofibrations. The weak equivalences are 
the DCDA-morphisms that induce an isomorphism in homology. The fibrations are the DCPA- 
morphisms that are surjective in all positive degrees p > 0. 

The cofibrations will be described below. 

Quillen’s transfer principle actually provides a |GSn 6 ) cofibrantly generated (hence, a 
|Hov07) cofibrantly generated) |GS06) model structure on DGPA (hence, a |Hov07) model struc¬ 
ture, if we choose for instance the functorial factorizations given by the small object argument). 
In fact, this model structure is finitely generated, i.e. (see Appendix 18.61) . the domains and 
codomains of the maps in SI and SJ are n-small DGPA-objects, n € N, relative to Cof. Indeed, 
these sources and targets are SD^ {k > 1), SS^ {k > 0), and O. We already observed (see 
Theorem [T|) that (A: > 1), {k > 0), and 0 are n-small DGPM-objects with respect to 
all DGiDM-morphisms. If ©, denotes any of the latter chain complexes, this means that the 
covariant Horn functor HomDGX>M(®») ~) commutes with all DGPM-colimits colim^<A for 
all limit ordinals A. It therefore follows from the adjointness property ( 1201 ) and the enrichment 
equation (1271) that, for any DGPA-colimit colim^<A we have 

HomDGDA(<S©,,colim^<A A^,.) ~ HomDGX>M(6., For(colim^<A A^^.)) = 

HomDGX)M( 6 .,colim^<AFor(A/ 3 ,,)) = colim^<A HomDGDM( 6 ., For(A^,,)) ~ 
colim^<AHomDGDA(>56,, A_a^,) . 


7.7 First insight into cofibrations 

The main idea in the above verification of the requirements of the transfer theorem is 
the decomposition of an arbitrary DGiDA-morphism : A ^ B into a trivial ‘cofibration’ 
z : A ^ A (8) SU and a fibration p : A® SU B. Indeed, it is implicit in Subsection 17.51 that 
the DGiDA-cofibrations are exactly the retracts of the relative Sullivan P-algebras and that i 
is a split minimal relative Sullivan "D-algebra. The former result is proven in |BPP15b) . The 
latter is almost obvious. Indeed, 

U = P{B) = 0 0 e DGT>M (34) 

n>0 bn&Bn 

with differential djj = dp defined by 

d(7(s“4b„) = 0 and du{lbj = s~\„ . 


(35) 
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Hence, SU G DGPA, with differential ds induced by djj, and A^SU € DGVA, with differential 

di = dA <S> id + id (S)ds ■ (36) 

Therefore, i : A —)■ A (g) SU is a DGX’A-morphism. Since U is the free non-negatively graded 
P-module with homogeneous basis 

G = :bn€Bn,n>0}, 

all the requirements of the definition of a split minimal RSPA are obviously satisfied, except 
that we still have to check the well-ordering, the lowering, and the minimality conditions. 

Since every set can be well-ordered, we first choose a well-ordering on each Bn, n > 0: 
if Xn denotes the unique ordinal that belongs to the same X-equivalence class (see Appendix 
18.51) . the elements of Bn can be viewed as labelled by the elements of A„. Then we define the 
following total order: the bi G Bi, are smaller than the which are smaller than 

the s“^Ib 2 , and so on ad infinitum. The construction of an infinite decreasing sequence in this 
totally ordered set amounts to extracting an infinite decreasing sequence from a finite number 
of ordinals Ai, Ai,..., A*,. Since this is impossible, the considered total order is a well-ordering. 
The lowering condition is thus a direct consequence of Equations (1351) and (1361) . 

Let now { 7 ^ : a G J} he the set G of generators endowed with the just defined well-order. 
Observe that, if the label a of the generator 7 ^ increases, its degree deg 7 Q increases as well, 
i.e., that 

a<(3 deg 7 „ < deg 7/3 . (37) 

Eventually, as announced: 

Theorem 4. Any DGU A-morphism (p : A ^ B can be functorially decomposed into a weak 
equivalence i : A ^ A ^ SU (see which is a split minimal RSDA, and a fibration 

p A® SU B. 

For the above-mentioned result on DGPA-cofibrations, an explicit description of fibrant and 
cofibrant functorial replacement functors in DG(DA, as well as a model categorical Koszul-Tate 
resolution, we refer the reader to |BPP15b] . 

8 Appendices 

The following appendices do not contain new results but might have a pedagogical value. 
Various (also online) sources were used. Notation is the same as in the main part of the text. 

8.1 Appendix 1 — Coherent and quasi-coherent sheaves of modules 

A finitely generated 77.-module is an object V G Mod(77.) that (as a sheaf of mod¬ 
ules) is locally generated by a finite number of sections. More precisely, for any x G X, 
there exists a neighborhood U 3 x, and a finite number of sections si,...,Sn G V{U), 
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such that the sheaf morphism cj) : lV^\u —>■ V\u-, which is defined, for any V € Opeiij;, by 
(/ly : TZ{VY 3 (/^) • • •; /"■) '-t Psi\v G 'PiY)-, is epic. In other words, for any x € X, there 
is a neighborhood U 3 x, an integer n € N, and an exact sequence of sheaves 

n'^lu^vy^o. (38) 

Indeed, when choosing the definition (I38p . we recover the generating sections as follows. If = 
(0,..., 0,1,0,... , 0) € Tl{U)"', we can set s* = £ 'P{U)- Then, any tuple (/^,..., /”■) € 

71{V)'^ reads Pei\v and is mapped by (j)v to /*Sj|y . 

A finitely presented 7^-moduIe is an object V € Mod(7^) that is locally generated by a 
finite number of sections, which satisfy a finite number of relations. This means that, for any 
X £ X, there is a neighborhood U 3 x, and a finite number of sections si,..., Sri £ 'PiU), such 
that the induced morphism (f> : VX\u -^V\u is a sheaf epimorphism, and such that the sheaf 

ker(/> = ker 3 (/S ■ ■ ■,/'") ^ ^ 

of relations is finitely generated. In other words, for every x £ X, there is U 3 x, integers 
n, m € N, and an exact sequence of sheaves 

TT^lu ^ nPu ^ P\u ^ 0 . (39) 

Of course, finitely presented implies finitely generated. 

A coherent 7^-moduIe is an object V £ Mod(7^) that is finitely generated and, for any 
open subset U and any sections ti,... ,tk £V{U), the relation sheaf 

ker 3 {f\ ..., /^) ^ ^ f% £ V\u 

is finitely generated. This means that V is finitely generated and, for any open subset [/, any 
k £N, and any sheaf morphism ■0 : TZ^\u -3- V\u, the kernel sheaf 

ker V’= ker ^7^*^It/^ 7^1(40) 

is finitely generated. The category cMod(7^) of coherent 7^-modules is reasonably behaved. It 
is closed under usual operations such as kernels, cokernels, finite direct sums... Actually, it is 
a full Abelian subcategory of the Abelian category Mod(7^) (an Abelian subcategory S of an 
Abelian category C is a subcategory that is Abelian and such that any exact sequence in S is 
also exact in C). Moreover, coherent always implies finitely presented, and, if TZ is coherent (as 
module over itself), an arbitrary 7^-module is coherent if and only if it is finitely presented. 

A quasi-coherent 7^-module is an object V £ Mod(7^) that is locally presented, i.e., for 
any x £ X, there is a neighborhood U 3 x, such that there is an exact sequence of sheaves 




( 41 ) 
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where and TZ'^'^ are (not necessarily finite) direct sums. Let us recall that an infinite 

direct sum of sheaves need not be a sheaf, so that a sheafification is required. The category 
qcMod(7^) of quasi-coherent 7^-modules is not Abelian in general, but is Abelian in the context 
of Algebraic Geometry, i.e., if 7Z is the function sheaf of a scheme. 

A locally free (resp., locally finite free, locally free of finite rank r) T^-module 

is an object V € Mod(7^), such that, for any x G X, there is an open neighborhood U 3 x, a 
set / (resp., a finite set /, a finite set I of cardinality r), and an exact sequence of sheaves 

O^n^lu ^V\u ^0 . (42) 

It is clear that locally free implies quasi-coherent. However, any locally finite free 7^-module 
is coherent if and only if TZ is coherent. 

The category of locally free modules is not Abelian, basically because cokernels are not 
locally free. However, if 7^ is a function sheaf Ox, locally free modules lfMod(C7x) (resp., 
locally free modules IfrMod(Clx) of finite rank) sit in broader Abelian categories: 

IfMod(Ox) C qcMod(Ox) C Mod(C>x) , (43) 

if X is a scheme, and 

lfrMod((!7jj(') C cMod(Ox) C qcMod(Ox) , (44) 

if X is a Noetherian scheme (i.e., a scheme that is finitely covered by spectra of Noetherian 
rings). 

8.2 Appendix 2 — P-modules 

We already indicated that 17-modules are fundamental in algebraic analysis: they allow 
to apply methods of homological algebra and sheaf theory to the study of systems of PDE-s 
[KS^ . 

We first explain the key idea of Proposition [1] considering - to simplify - total sections 
instead of sheaves. 

We denote by V the ring of differential operators acting on functions of a suitable base 
soace X. e.e'.. a finite-dimensional smooth manifold |Cos m. A T>-module M G Mod(I7) (resp., 
M G Mod(I7°P)) is a left (resp., right) module over the noncommutative ring T). Since T> is 
generated by smooth functions f & O and smooth vector fields 0 G 0, modulo the obvious 
commutation relations between these types of generators, a D-action on an O-module M G 
Mod(O) is completely defined if it is given for vector fields, modulo the commutation relations. 
More precisely, let 

• : O X M 3 {f,m) f ■ m ^ M 


be the O-action, and let 


V : Q X M 3 {9, m) V^m G M 


(45) 
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be an M-bilinear ‘0-action’. For f £ O and 6,9' € 0, we then naturally extend V by defining 
the action (resp., of the differential operator 69' = 6 o 6' (resp., 6f = dof) by 

Vee' := V^Vg/ 


(resp., 

V,/ ■.= Ve{f • -)). 

Since we thus define the action of an operator as the composite of the actions of the composing 
functions and vector fields, we get the compatibility condition 

V/0 = / • Vg , (46) 

and, as 6f = f6 + 6{f) (resp., 66' = 6'6 + [6,6']) - where 6{f) (resp., [6,6']) denotes the Lie 
derivative LqJ of / with respect to 6 (resp., the Lie bracket of the vector fields 6,6') - , we 
also find the compatibility relations 

• -) = /-V, + 0(/) • - (47) 

(resp., 

V^Vg)/= Vg/V^-I-V[0^£)/]) . (48) 

In view of Equations (1451) - (1481) . a D-module structure on M ^ Mod(O) is the same as a flat 
connection on M. Note that we implicitly worked out a left (D-module structure. There is a 
similar result for right (D-modules. 

When resuming now our explanations given in Subsection 14.1[ we understand that a mor¬ 
phism V of sheaves of K-vector spaces satisfying the conditions (1) - (3) is exactly a family 
of X>x(L^)-modules J\4x(U), U € Open^^, such that the X>x(L^)-actions are compatible with 
restrictions, i.e., is exactly a (Dx-module structure on the considered sheaf Mix of Ox-modules. 

As concerns examples, it follows from what has been said that O € Mod((D) with action 
Vg = Lg, that top differential forms G Mod(I?°P) with action Vg = —Lg, and that 

T) G Mod(I?) n Mod(D°P) with action given by left and right compositions. 

8.3 Appendix 3 — Sheaves versus global sections 

In Classical Differential Geometry, the fundamental spaces (resp., operators), e.g., vector 
fields, differential forms... (resp., the Lie derivative, the de Rham differential...) are sheaves 
(resp., sheaf morphisms). Despite this sheaf-theoretic nature, most textbooks present Differ¬ 
ential Geometry in terms of global sections and morphisms between them. Since these sections 
are sections of vector bundles (resp., these global morphisms are local operators), restriction 
and gluing is canonical (resp., the existence of smooth bump functions allows to localize the 
global morphisms in such a way that they commute with restrictions; e.g., for the de Rham 
differential, we have 


{d[jjuijj)]v = {d{av(jJu)) \v and d]uLo]u = {dLo)[u 
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where ay is a bump function with constant value 1 in y C ?7 and support in [/). Such global 
viewpoints are not possible in the real-analytic and holomorphic settings, since no interesting 
analytic bump functions do exist. 

There is a number of well-known results on the equivalence of categories of sheaves and the 
corresponding categories of global sections, essentially when the topological space underlying 
the considered sheaves is an affine scheme or variety. 

If (X, Ox ) is an affine algebraic variety, there is an equivalence 

r(X, •) : cMod(Ox) ^ fMod(Ox(-^)) : Ox 'S>Ox(x) • , (49) 

between the category cMod(Ox) of coherent Ox-modules and the category fMod(Ox(^)) of 
finitely generated Ox(^)-modules |Ser55) . Similarly, for an affine scheme (X,Ox), we have 
an equivalence |Har97) 


r(X, •) : qcMod(Ox) ^ Mod(C)x(^)) : • (50) 

between the category of quasi-coherent Ox-modules and the category of Ox(^)-modules. 
If Ox{X) is Noetherian, the same functors define an equivalence between cMod(Ox) and 
fMod(Ox(^)), just as in the case of an affine algebraic variety (the coordinate ring of an 
affine variety is Noetherian). It can easily be seen that the functors Ox ^OxX) • und • are 
isomorphic. 

There exist similar equivalence results for locally free sheaves |Ser55) . Over an affine 
algebraic variety X or an affine scheme X = Speci?, with R Noetherian, the global section 
functor r(X, •) yields an equivalence of categories 

IfrMod(Ox) ^ pfMod(Ox(^)) (51) 

between the category of locally free Ox-modules of finite rank and the category of projective 
finitely generated modules over Ox(^) = R- 

Locally free sheaves of Ox-modules are viewed as algebraic vector bundles over X. How¬ 
ever, many authors switch tacitly between locally free sheaves IfrMod(Ox) of Ox-modules of 
finite rank and finite rank vector bundles rVBx over X, also in contexts where both concepts 
are independently defined. For a proof of this equivalence of categories over a premanifold 
X (i.e., a smooth manifold that is not necessarily Hausdorff and second countable), see for 
instance |Wedl4[ Prop. 5.14]. 

In 1962, Swan proved a theorem similar to (15ip over a compact Hausdorff space X. The 
global continuous section functor induces an equivalence of categories 

rC°VBx ^ pfMod(C'x(X)) (52) 

between the category of finite rank topological vector bundles on X and the category of 
projective finitely generated modules over the continuous function algebra C^{X). In 2003, 
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Nestruev |Nesn3) extended this result to smooth manifolds: if X is a smooth manifold, the 
global smooth section functor provides an equivalence of categories 


rC°°VBx ^ pfMod(C'“(X)) 


(53) 


between the category of finite rank smooth vector bundles on X and the category of projective 
finitely generated modules over the smooth function algebra C^(X). 

8.4 Appendix 4 — Model categories 

Model categories are a setting in which Homotopy Theory is well-developed. Homotopy 
Theory allows identifying, say, topological spaces, which, although not homeomorphic, still 
look similarly. Indeed, identification requirements that are weaker than homeomorphisms do 
exist. For instance, two homotopy equivalent (resp., weakly homotopy equivalent) 
spaces, i.e., two spaces related by two continuous maps that are inverses up to C'^-homotopies 
(resp., two spaces related by a continuous map that induces isomorphisms between all homo¬ 
topy groups), are said to have the same homotopy type (resp., the same weak homotopy type): 
they may be considered as having the same basic shape. 

Similar concepts exist in homological algebra. Since we study modules via their reso¬ 
lutions (chain complexes whose homology is the module under investigation), we are often 
not interested in the complex itself, but rather in its homology. Hence, we study complexes 
up to quasi-isomorphisms (chain maps that induce an isomorphism in homology), or up 
to homotopy equivalences (two chain maps that are inverses up to chain homotopies). 
In the homotopy category, we identify homotopic chain maps, so that homotopy equivalent 
chain complexes become isomorphic in the homotopy category. In the derived category, we 
then still quotien out the quasi-isomorphisms. The quasi-isomorphisms of homological algebra 
correspond to the weak homotopy equivalences of topology. 

The notions of weak homotopy equivalence or quasi-isomorphism underly the axiomatic 
definition of a model category. A model category, by definition, contains a class of morphisms 
called weak equivalences, and these morphisms become isomorphisms upon passing to the 
associated homotopy category. 

Let us first recall that a functorial factorization in a category C is a pair (F, G) of 
endofunctors of the category Map C of maps of C, such that any / € Map C reads / = G{f)oF{f). 
Hence, if / : X —>■ T, we have 



The action of the functor F (resp., G) on a morphism (u, v) between f : X ^ Y and g : X' ^ 
T', i.e., on a commutative square 


X— 


U 


V 


X'^^Y' 
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is a morphism between F(f) (resp., G{f)) and F{g) (resp., G{g)). By functorial factorization 
we mean that there is a commutative diagram 





Definition 3. A model category is a category M together with three classes of morphisms, 
weak equivalences (weq-s for short), fibrations, and cofibrations, and with two functorial 
factorizations (a,/?) and {a',/3'), which satisfy the following axioms: 

• MCI (Limit axiom). The eategory M is closed under small limits and eolimits. 


• MC2 (Retract axiom). The three classes of morphisms are closed under retracts. More 
precisely, if f is a retract of g, i.e., if we have a eommutative diagram as in Figure 1, 
and if g belongs to one of the morphism classes, then f belongs to the same class. 


1 



1 


Figure 1: Retract diagram 


• MC3 (2 out of 3 axiom). If f and g are two composable morphisms, and two of the 
maps f, g, and g o f are weak equivalences, then so is the third. 

• MC4 (Lifting axiom). In a eommutative diagram as in Figure 2, where i is a cofibration 

A -- X 

i p 

B -- Y 

Figure 2: Lifting diagram 


and p a fibration, the lifting exists, if either i or p is trivial (a trivial (co)fibration is 
a (co)fibration that is also a weak equivalence). 

• MC5 (Factorization axiom). For any morphism f, a{f) is a cofibration, (3{f) is a trivial 
fibration, a'{f) is a trivial cofibration, and I3'{f) is a fibration. 
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Several comments are necessary. 

Various definitions of model categories can be found in the literature. The above one is 
used by Hovey IHovOT) . 

In fact, model categories were introduced by Quillen under the name of closed model 
categories. Quillen initially assumed only that all finite limits and colimits exist in a model 
category. Dwyer-Spalinski |DS96) use this axiom, Gel’fand-Manin |GM96) even assume only 
the existence of finite projective and inductive limits. The existence of all small limits and 
colimits is required for instance in the texts of Goerss-Schemmerhorn |GS06) and Hovey. 

Moreover, the factorization axiom MC5 asks that any map can be factored into a cofibra- 
tion followed by a trivial fibration, and into a trivial cofibration followed by a fibration. These 
factorizations are not always required to be functorial (see for instance Dwyer-Spalinski and 
Goerss-Schemmerhorn). However, if the model category is cofibrantly generated (see below), 
the ‘cofibration - trivial fibration’ and ‘trivial cofibration - fibration’ factorizations can be 
constructed by means of the small object argument (see below), and these factorizations are 
functorial. Hence, in most model categories, functorial factorizations do exist. Hovey’s ax¬ 
iom MC5 not only asks that there exist two functorial factorizations, but assumes that a choice 
has been made: his model categories come equipped with two such functorial factorizations. 

Since a model category M has all small limits and colimits, it has a terminal object * and 
an initial object 0. As mentioned, a model category does not only contain weq-s but has 
additional structure: cofibrations ^ (‘good injections’) and fibrations —» (‘good surjections’). 
Further, there are cofibrant and fibrant objects (‘good objects’). We say that Y G M is a 
cofibrant object (resp., a fibrant object), if the unique map iy '■ lb ^Y (resp., py : Y 
-k) is a cofibration (resp., a fibration). Let now V G M be any object, i.e., not necessarily 
cofibrant or fibrant. If we apply the functorial factorization (a,/?) to iy, we get a cofibration 
a{iy) : 0 ^ QY and a trivial fibration qy := fi{iy) : QY Y. We refer to QY as a 
cofibrant replacement of Y (‘resolution’, ‘CW-replacement’). A fibrant replacement is 
defined dually. 

If we say that Q is a functor, we claim that, for any arrow / : V —)■ V', we get an arrow 
Qf : QY —>■ QY\ such that composition and the units are respected. If we say that Q is a 
functorial replacement functor, we claim that the replacement QY ^ V is functorial, i.e., that 
Q is a functor and that the functors Q and id are related by a natural transformation, i.e., 
that the following diagram commutes: 

QF ^ y 
Qf i if- 

QY' ^ Y' 

Since we are given a functorial ‘cofibration - trivial fibration’ factorization {a,/3), we actually 
get such a functorial cofibrant replacement functor. Indeed, any f : Y ^ Y' induces a 
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commutative square 


0 


Y 



id j. 


I / , 



0 


y' 



in view of the definition of an initial object 

. This 

square implements 

a commutative diagram 

"(A) 

0 ^ 

QY 

qY=p{iY) 

Y 


id 1 w 

i 


i f • 

(54) 

"(V) 

0 ^ 

QY' 


Y' 



We set Qf := w, so that Q becomes an endofunctor. As the RHS square in the last diagram 
commutes, q is actually a natural transformation between Q and id, and Q is a functorial 
cofibrant replacement functor. The functorial fibrant replacement functor R is defined 
similarly from (a',/3'). 

Let us still mention three basic results on model categories that will be used implicitly. 

1. Two of the distinguished classes determine the third. 

2. All three distinguished classes are closed under composition. 

3. A functorial cofibrant or fibrant replacement functor respects weq-s. 

Indeed, it can be shown that the class Cof of all cofibrations is not only contained in the 
class LLP(TrivFib) of those maps that have the left lifting property with respect to all trivial 
fibrations, but that 

Cof = LLP(TrivFib) . (55) 

Similarly weq-s and cofibrations determine fibrations: 

Fib = RLP(TrivCof) . (56) 

Moreover, 

TrivCof = LLP (Fib) and TrivFib = RLP(Cof) . (57) 

The 2 out of 3 axiom shows that / is a weq if and only if a{f) is a trivial cofibration, or, if 
and only if f3'(f) is a trivial fibration. Hence, cofibrations and fibrations determine weq-s. 

It follows from the characterizations (|55l) , (1561) , and (15 7p that all three distinguished classes 
are closed under composition. Further, Diagram (1541) shows that the functorial cofibrant 
replacement functor Q transforms a weq into a weq. 

8.5 Appendix 5 — Smallness 

In the following, we use the axiom of choice, which claims that, for any family (S'j)jg/ 
of non-empty sets, we can choose a unique element (si)jg/ in each set. Although there is no 
proof of the existence in whole generality of a choice function f{Si) = st, for all i € / , the 
axiom of choice is accepted by a majority of mathematicians. 


Model structure in DGVA 


33 


8.5.1 Ordinals 

A well-ordered set is totally ordered set that does not contain any infinite decreasing 
sequence. An order-isomorphism between well-ordered sets Wi, W 2 (the notion can even be 
defined between partially ordered sets) is a bijection / ; Wi —>■ W 2 such that x < y if and only 
if f(x) < f{y). This condition is equivalent to asking that / and be strictly increasing. 
Being order-isomorphic is an equivalence X in well-ordered sets. The X-equivalence classes are 
the ordinal numbers. More precisely, each well-ordered set is order-isomorphic to a unique 
ordinal number, which is then identified with its equivalence class. 

The finite ordinals are the non-negative integers. An ordinal can be viewed as the well- 
ordered set of all (strictly) smaller ordinals: 

0 = 0,1 = {0},... ,n = {0 < 1 < ... < n - l},...,a; = {0 < 1 < ...} . (58) 

The ordinal u) is the first non-finite ordinal. The next non-finite ordinals are 

CJ,CJ-{-l,Ct:-l- 2 ,...,CC‘ 2 ,CJ * 2 - 1 - 1 ,... ,CJ^,...,CC^,..., ... (^9) 

We also often think of an ordinal as a category where there is a unique map from a to /3 if 
and only if a < (5 . 

In the list (|58l) . w is a limit ordinal and all other non-zero ordinals are successor ordinals. 
Actually, any ordinal is either zero, or a successor ordinal, or a limit ordinal. More 
precisely, a limit ordinal is an ordinal a such that there exists an ordinal (3 < a, and 
whenever /3 < a there exists an ordinal 7 such that (5 < ^ < a. Although not every ordinal is 
a successor, every ordinal has a successor. 

8.5.2 Cardinals 

The well-ordering theorem, which is equivalent to the axiom of choice, states that every 
set can be well-ordered. 

Two sets 81,82 are equinumerous if there exists a bijection f ■ 81 ^ 82 between them. 
Being equinumerous is an equivalence £ in the class of sets. The cardinality of a set is its £- 
equivalence class. For any given set, we can choose well-orderings, thus obtaining well-ordered 
sets. The latter are equinumerous since they have the same underlying set. Each one of these 
well-ordered sets is order-isomorphic to a unique ordinal. However, these ordinals, although 
equinumerous and thus of same cardinality, are not necessarily order-isomorphic, i.e., they are 
potentially different. We identify the ^’-equivalence class of a set with the smallest ordinal in 
this class: the cardinality of a set thus coincides with this smallest ordinal. The cardinalities 
of sets are the cardinal numbers. 

The finite cardinals are the cardinalities of the finite sets, i.e., they are the non-negative 
integers. The first non-finite cardinal is the cardinality Mq of the set N of natural numbers 
(infinite countable set). The cardinality of the set M of real numbers (infinite uncountable 
set) is 2^°, i.e., it is equal to the cardinality of the set of all subsets of N. The continuum 
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hypothesis says that there is no set whose cardinality Mi is strictly between the cardinality 
Mq of the integers and the cardinality of the real numbers: Mi = 2^°. The non-finite or 
transfinite cardinals are denoted by 


Mo, Ml, M 2 ,... (60) 

As mentioned above, different ordinals may have the same cardinality. For instance, all the 
ordinals of (|59l) (uncountably many countably infinite ordinals) have cardinality Mq (unique 
countably infinite cardinal). According to what we said above, we identify Mq with w. Further, 
the set of all countable ordinals constitutes the first uncountable ordinal oji, which we identify 
with Ml. 

8.5.3 Filtration of an ordinal with respect to a cardinal 

This concept is the key of all smallness issues that are considered in the following. An 
ordinal A is filtered with respect to a cardinal k (we say also that A is K-filtered), if A 
is a limit ordinal and 

A C A and |A| < k ^ sup A < A , (61) 

i.e., the supremum of a subset of A of cardinality at most k is smaller than A. For instance, 
let K be the cardinal uj = Mq, and let A be the limit ordinal lo ■ 2 = {0, 1 ,... , a;, a; -|- 1, .. .}. 
If A = {cUjCU -|- 1, ...}, the assumptions are satisfied, but sup A = a; . 2 = A, so that A is not 
K- filtered. The condition ‘X is k- filtered’ is actually a largeness condition for A with respect 
to K. If A is K-filtered for k > k', then A is also At'-filtered. For an infinite cardinal k 
(e.g., for the above considered k = lo = Mq), the smallest K-filtered ordinal is the first cardinal 
Ki larger than k (in our example ki = Mi; actually any successor cardinal is K-filtered, but 
there are also non-cardinal ordinals that are k- filtered, e.g., ki -2). For a finite cardinal k, a 
K-filtered ordinal is just a limit ordinal. 

8.5.4 Small objects 

The definition varies from author to author. We stick to the definition of |Hov07) and 
compare it with the definition of |GS06) . 

Smallness of an object A is defined with respect to a category C (assumed to have all small 
colimits), a class of morphisms W in C, and a cardinal k (that can depend on A). The point 
is that the covariant Hom-functor 


C(A, •) := Homc(A, •) 

commutes with limits, but usually not with colimits. However, if the considered sequence is 
sufficiently large with respect to A, then commutation may be proven. More precisely, if A € C, 
we consider the colimits of all the sequences that are large enough with respect to some cardinal 
K (possibly k(A)) and have their arrows in W, i.e., the colimits of all the A-sequences with 
arrows in W for all k- filtered ordinals A, and try to prove that the covariant Hom-functor 
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C{A, •) commutes with these colimits. In this case, we say that ^ € C is small with respect 
to K and W. 

To provide deeper understanding, we show that any set A G Set is small with respect to 
K = |j 4| and all morphisms in Set. It suffices to prove that, for any K-filtered ordinal A and 
any A-sequence {Xp)p^X) the canonical map 

c : colim/ 3 <A Set(^, Xp) 9 [f^] i-9 0/? o € Set(^, colim/ 3 <A X/j) 

is an isomorphism. Let us recall that a A-sequence in Set is a colimit respecting functor 
A ^ Set, so that we actually deal with a direct system and a direct limit. This direct limit 
colim,g<A Xp has a simple construction L[^<a where notation is self-explaining, and so 

has the LHS colimit. The canonical map c - whose existence is guaranteed by the universality 
property of a colimit - is then obtained as indicated, where (pp denotes the map from Xp to 
the direct limit. 

Let now / G Set(j4, colim^<A ^/j)- For any a & A, f{a) is a class that has a representative 
in some Xpf^^^y The idea is to find an X^ that contains all the ‘images’. We have S := {/3(a) : 
a G A} C A and |5| < |^| = k. Hence, 7 := sup5 < A and, for any a, /(a) is a class with 
representative in X^: f defines a map / G Set(H, X.y) and a class [/] G colim.y<A Set(H, 
whose image hy c is o f = f. It now suffices to prove that c is not only surjective, but also 
injective. This proof is similar. 

Note that ‘H G C is K-small with respect to W roughly means that a map from A to 
the colimit of a sequence with arrows in W that is indexed by a K-filtered ordinal, or, better, 
from H to a sufficiently long composition of arrows in W, factors through some stage of this 
composition. Further, we were able to prove commutation of Set(H, •) with A-colimits, only 
because we were allowed to choose A sufficiently large with respect to k = |H|. It follows that, 
if K < k', then K-smallness implies At'-smallness (a'-filtered ordinals are also K-filtered). 

Eventually, we say that H G C is small relative to W, if it is K-small relative to W for 
some cardinal k, and we say that A is small, if it is small relative to all the morphisms of the 
underlying category C. An object in C Pi D can be small in C but not in D. 

In |GS06) . ‘small’ (with respect to W) means ‘sequentially small’: the covariant Horn- 
functor commutes with the colimits of the w-sequences. This requirement is analogous to 
‘n-small’, i.e., small relative to a finite cardinal n G N: the covariant Hom-functor commutes 
with the colimits of the A-sequences for all limit ordinals A. In jHoyOT], ‘small’ (relative to W) 
means, as just mentioned, K-small for some k: the covariant Hom-functor commutes with the 
colimits of all the A-sequences for all the K-filtered ordinals A. In view of what has been said 
above, it is clear that re-small implies re-small, for any re > re. 

8.6 Appendix 6 — Cofibrantly generated model categories 

We give two versions of the definition of a cofibrantly generated model category, a finite 
definition |GS06) and a transfinite |Hov07) one. 
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8.6.1 Finite definition 

A model category is cofibrantly generated |GS06| . if there exist sets of morphisms I and 
J, which generate the cofibrations and the trivial cofibrations, respectively, i.e., more precisely, 
if there are sets I and J such that 

1 . the source of every morphism in / is sequentially small with respect to the class Cof and 

TrivFib = RLP(/), 

2. the source of every morphism in J is sequentially small with respect to the class TrivCof 
and Fib = RLP(J). 

It then follows that I and J are actually the generating cofibrations and the generating trivial 
cofibrations: 

Cof = LLP(RLP(/)) and TrivCof = LLP(RLP(J)) . 

8.6.2 Transfinite composition of pushouts 

The transfinite definition of a cofibrantly generated model category contains a transfinite 
smallness condition, namely that the domains of the maps in I and J are small (K-small 
for some fixed n) relative to “transfinite compositions of pushouts of arrows in I and J”, 
respectively. 

We briefly explain this smallness requirement |Hov07) . Let C be a category that has all 
small colimits, let A be an ordinal, and let X : A ^ C be a A-sequence in C, i.e., a colimit 
respecting functor from the category A to the category C. Usually this diagram is denoted by 
Xq Xi ^ Xp —>■... It is natural to refer to the map 

Xo colim/3<A X/3 

as the composite of the A-sequence X. If IF is a class of morphisms in C (in the following 
often the set I or the set J) and every map Xp —>■ X,g_|_i, /3 + 1 < A, is in W, we refer to the 
composite Xq —colim^<A X,g as a transfinite composition of maps in W. 

Let us also recall that, if we have a commutative square in C, the right down arrow is said 
to be the pushout of the left down arrow. 

We now describe a subclass of LLP(RLP(1F)) that will be denoted by W-cell. An element 
of W-cell is a transfinite composition of pushouts of arrows in W. In other words, a 
C-map / : A —>■ R is in VF-cell, if there is an ordinal A and a A-sequence X : A ^ C such that 
/ is the composite of X and such that, for each /3 -)- 1 < A, there is a pushout square in which 
the right down arrow is Xp —> X^+i and the left down arrow belongs to W. 

8.6.3 Transfinite definition 

A model category is cofibrantly generated |Hov07) . if there exist sets I and J of maps 
such that 
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1. the domains of the maps in I are small (^-small for some fixed k) relative to /-cell, 

2. the domains of the maps in J are small (^-small for some fixed k) relative to J-cell, 

3. TrivFib = RLP(/), and 

4. Fib = RLP(J). 

The condition on the domains of the maps I 3 i : A ^ B (resp., J 3 j : A ^ B) is 
that there is a cardinal k, such that C[A, •) commutes with the colimits of all the sequences, 
which are indexed by a K-filtered ordinal, and whose arrows are in /-cell (resp., J-cell), i.e., 
are transfinite compositions of pushouts of arrows in I (resp., J). 

8.6.4 Small object argument 

The small object argument is a functorial construction of a factorization system (e.g., into 
a cofibration and a trivial fibration, or, into a trivial cofibration and a fibration). 

Theorem 5 (Small Object Argument). Let C be a category with all small colimits and let W 
be a set of C-maps. If the domains of the maps in W are small ( n-small for some fixed k ) 
with respect to VF-cell, there exists a functorial factorization (a,/3), such that, for any C-map 
f : A ^ B, the map a{f) : A ^ C {resp., /3(f) : C ^ B) is in 

IT-cell C LLP(RLP(1T)) 

( resp., in RLP(IT)). 

If C is a cofibrantly generated model category in the sense of |Hov07) and W = I (resp., 
IT = J), the theorem shows that there is a functorial factorization {ot,l3) (resp., (a',(3')), such 
that any map / in C factors into a map ot{f) € /-cell C Cof and a map 13(f) € TrivFib (resp., 
into a map ot'(f) € J-cell C TrivCof and a map I3'(f) G Fib). 

In fact, the functorial factorization of Theorem |5] is constructed via a possibly transfinite 
induction. It turns out that it suffices that the covariant Hom-functors C(j 4, •), obtained from 
the sources A of the maps in W, commutate with the colimits of the A-sequences, for some 
K-filtered ordinal A. In the case k = n € N, it is customary to choose the smallest A, i.e., 
\ = oj. In other words, it is enough to assume that the sources A be sequentially small. This 
justifies the finite definition of a cofibrantly generated model category |GS06| . 

An excellent explanation of the Small Object Argument can be found in |DS96) . 

It is clear that the finite definition |GS06) is stronger than the transfinite one |Hov07) . First, 
n-smallness implies /t-smallness, and, second, smallness with respect to Cof (resp., TrivCof) 
implies smallness with respect to /-cell (resp., J-cell). 

The model structures we study in the present paper will all be finitely generated. A finitely 
generated model structure is a cofibrantly generated model structure |Hov07) . such that 
/ and J can be chosen so that their sources and targets are n-small, n G N, relative to Cof. 
This implies in particular that our model structures are cofibrantly generated in the sense of 

[GS06]. 
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8.7 Appendix 7 — Invariants versus coinvariants 

If G is a (multiplicative) group and k a commutative unital ring, we denote by k\G\ 
the group /c-algebra of G (the free /c-module made of all formal finite linear combinations 
SgeG^(5) 9 with coefficients in k, endowed with the unital ring multiplication that extends 
the group multiplication by linearity). 

In the following, we use notation of Subsection 17.11 Observe that is a module over 

the group O-algebra 0[Sn], where denotes the n-th symmetric group. There is an O-module 
isomorphism 


= O^M./X n ~ (OSM.)s„ := OoM./(r - a • T) , (62) 

where is the O-module of S„-coinvariants and where the denominator is the O- 

submodule generated by the elements of the type T — a - T, T G ( 8 )^M,, cj G (a Koszul sign 
is incorporated in the action of a). It is known that, since the cardinality of S„ is invertible 
in O, we have also an O-module isomorphism 

(OoM.)s. - ■= {T € OoM. : a • T = T, Vu G §„} (63) 

between the S^-coinvariants and the S^-invariants. The averaging map or graded symmetriza- 
tion operator 

6 ^ ^ a-TG (®SM,)^- (64) 

coincides with identity on (O^M,)^", what implies that it is surjective. When viewed as de¬ 
fined on coinvariants (®oM,)s^ , it provides the mentioned isomorphism (I63p . It is straight¬ 
forwardly checked that the graded symmetric multiplication V on ( 0 J,M,)®*, defined by 

e{S)ve{T) = 6{6{S)(g>6{T)) , (65) 

endows with a DG P-algebra structure, and that the O-module isomorphism 

SqM, ~ {T G ®*qM, : a - T = T,Va € S*} ( 66 ) 

is in fact a DGPA-isomorphism. 

8.8 Appendix 8 — Relative Sullivan algebras 

This Appendix contains background information on Rational Homotopy Theory and on 
relative Sullivan algebras. 

8.8.1 Rational Homotopy Theory 

The idea of Homotopy Theory is to identify two topological spaces when they have the 
same basic shape although they may not be homeomorphic. For instance, the first homotopy 
group is known to encode information about holes. Hence, the suggestion to identify spaces 
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that are weakly homotopy equivalent, i.e., that are related by a continuous map that induces 
isomorphisms between all homotopy groups. 

Since the difficulty with homotopy groups is torsion, it seems natural to try to eliminate 
torsion elements. We confine ourselves to simply-connected spaces, i.e., path-connected topo¬ 
logical spaces with trivial first homotopy group. Since the higher homotopy groups 7r„(X), 
n > 1, of simply-connected spaces X are Abelian, all homotopy groups 7r„(X), n > 1, are 
Z-modules. Their tensor products Q '^n(^) over Z with the field Q of rational numbers 
are Q-vector spaces. The point is that the natural inclusion 

TTniX) 3Cl-^l(g)CGQig>z TTniX) 

sends torsion elements to zero. Indeed, if, in 7r„(A), we have zc = 0 for some z € Z \ {0}, 
then, in the Q-vector space Q (S>z 7r„(X), we get 

0 = l(^zc = z(S>c = z(l <3 c) , 

so that 1 (8) c = 0. This observation justifies the replacement of the homotopy groups 7 Tn(X) 
by the Q-vector spaces Q In Rational Homotopy Theory, we then identify simply- 

connected topological spaces that are related by a weak rational homotopy equivalence, i.e., 
by a continuous map that induces isomorphisms between all rationalized homotopy groups 
Q 7r*(-). 


8.8.2 Algebraic models 

In view of Section 18.8.11 the important category is the homotopy category. The categories 
of topological spaces and simplicial sets are known to have equivalent homotopy categories. 
Hence, simplicial sets are purely combinatorial models of the homotopy classes of topological 
spaces. Kan (1958) constructed algebro-combinatorial models for classical Homotopy Theory: 
simplicial groups. There exists a spectral sequence for homotopy groups of a simplicial group 
that starts with the homotopy groups of a simplicial LA. In Rational Homotopy Theory, 
DGLA-s and DGCA-s were used as models: Quillen (1969) (resp., Sullivan (1977)) associated 
to certain simply-connected topological spaces a DGLA (resp., a DGGA) over Q, which knows 
about the rational homotopy type of the space. 

More precisely, a simply-connected topological space is called rational, if its homotopy 
groups are not only Z-modules but Q-vector spaces. It turns out that for any simply-connected 
space X there is a continuous map / : A —>■ Aq , whose target is a simply-connected rational 
space, and which induces isomorphisms between all rationalized homotopy groups. Hence, 
from the standpoint of Rational Homotopy Theory, it is enough to study simply-connected 
rational spaces. 

What Quillen actually proved in 1969 is that the homotopy categories of simply-connected 
rational topological spaces and of connected DGLA-s over Q are equivalent. 

Similarly, Sullivan showed in 1977 that there exists a categorical equivalence between the 
homotopy categories of simply-connected rational topological spaces with finite Betti numbers 
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and of DGCA-s (A*,d} over Q, whose cohomology spaces satisfy d) = Q, H^{A*,d) = 0, 

and H'^{A‘,d) is finite-dimensional for any n. This equivalence is implemented by an adjoint 
pair. The left adjoint assigns to any space X of the underlying source category, a DGCA 
{A*{X),d) in the underlying target category. The model A*{X) is usually large, but can be 
replaced by a smaller one: there is a quasi-isomorphism of DGCA-s (f> : (Al^*, d) — {A*{X), d), 
where /\V* is the free GC Q-algebra over a graded Q-vector space V* = and where 

dV* C A-^y*. The DGCA {l\V*,d)^ which is unique up to isomorphism, is the Sullivan 
minimal model of X. 

8.8.3 Sullivan algebras 

A Sullivan algebra is a quasi-free DGCA {XV*, d) over a GV (graded vector space) V* 
(over Q or any other field K of characteristic zero), whose differential d satisfies some lowering 
condition. Quasi-free means free as GCA but not necessarily free as DGCA. Recall that in 
Remark [3l we emphasized that SM, is the free DGCA over the DGM (differential graded 
module) M, . The point is that in the case of AR*, the space V* is not a DGV. On the 
contrary, the mentioned lowering condition requires roughly that V* be endowed with an 
increasing filtration R(»), such that dV{k) C XV{k — 1). 

A Sullivan model of a DGCA {A*,d) is, as above, a quasi-isomorphism cj) : {XV*, d) 
{A*,d) of DGCA-s from a Sullivan algebra {XV*, d) to {A*,d). Morphisms of DGCA-s f : 
{B*, d) — {A*, d) are modeled by relative Sullivan algebras (R*(8) AR*, d). Relative Sullivan 
algebras generalize Sullivan algebras. The key point for relative Sullivan algebras is similar 
to the one for Sullivan algebras. Just as in the latter case d does not stabilize V*, it does 
in the former not stabilize AR*: whereas B* is always a sub-DGCA of the relative Sullivan 
algebra {B* ^ AV*,d), the factor AR* is usually not. In particular, a relative Sullivan algebra 
is mostly not the tensor product of two DGCA-s. 

Details on relative Sullivan algebras over a field can be found in |FHT01) and |Hes00| . 
In Subsection 17.21 of the present text, we define relative Sullivan algebras over the ring of 
differential operators. 
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